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2 GRAVITATIONAL LENSING LIMITS ON THE AVERAGE REDSHIFT OF SUBMILLIMETER SOURCES
In Cooray (1999a; hereafter C99), we studied the former
case and suggested the possibility of constraining cosmo-
logical parameters based on observed statistics of lensed
sources at 850 m towards a sample of galaxy clusters.
This approach is quite similar to the one taken in litera-
ture to constrain the present day value of the cosmological
constant based on lensed source statistics, such as quasars
(e.g., Kochanek 1996; Chiba & Yoshi 1997), radio sources
(e.g., Falco et al. 1998; Cooray 1999b) and luminous op-
tical arcs towards clusters (e.g., Bartelmann et al. 1998;
C99). Blain (1997) studied gravitational lensing at submm
wavelengths, including statistics of lensed submm sources
due to foreground galaxies.
Here, we consider the possibility of constraining the
background source redshift distribution based on known
properties of a sample of submm sources gravitationally
lensed by cluster potentials (S98) and an assumed cos-
mological model. To obtain information on the unlensed
sources down to the same ux level, we use the source
counts from Barger et al. (1998), Eales et al. (1998),
Holland et al. (1998), Hughes et al. (1998) and Smail et
al. (1997, 1998b). In x 2 we discuss our calculation and
its inputs. in x 3 we present our resulting constraints on
the redshift distribution of submm sources and discuss our
constraints in the context of current studies on the submm
sources and their contribution to the starformation history
of the universe. We follow the conventions that the Hubble
constant, H
0




, the present mean















2. GRAVITATIONAL LENSING CALCULATION
Our calculation follows C99 in which we calculated the
expected number of luminous optical arcs, radio sources
and submm galaxies towards galaxy clusters as a function
of cosmology. Here, we prescribe the foreground cluster
population to be similar to what was observed by S98 and
model them as singular isothermal spheres (SIS) with ve-
locity dispersion . In general, SIS models underestimate
the number of lensed sources, when compared to com-
plex cluster potentials with substructure (e.g., Bezecourt
1998). This leads to a systematically lower number of
lensed sources than expected from true complex poten-
tials and a higher upper limit on the redshift distribution
of background sources.
In order to evaluate distances, we use the analytical
lled-beam approximation (see, e.g., Fukugita et al. 1992)






), for a source







. Following C99 (see,
also, Cooray, Quashnock & Miller 1999 and Holz, Miller &
Quashnock 1999) the number of expected lensed sources,
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where C(z) is the redshift distribution of submm sources
such that C(z) is the fraction of sources with redshifts
less than z, B(f; z) is the magnication bias for submm
sources at redshift z with observed ux density at 850 m
of f (see, Kochanek 1991), and F (z
l
) is the eectiveness of
clusters at redshifts z
l
in producing lensed sources. This
























) is the number density of clus-
ters with the velocity dispersion  at redshift z
l
.
In general, detailed knowledge either on the luminosity
function or the ux distribution is required to calculate
the magnication bias. However, both these quantities
are currently not known for the submm source sample.
Instead of individual magnication biases, we use current
estimates on the submm sources number counts to ob-
tain an average value. If the number counts of unlensed
sources, n
ul
, with ux densities greater than S

towards a


















is the lensed source counts. The average magni-
cation bias is simply the ratio of lensed to unlensed counts











Under the SIS scenario, the probability distribution for
amplications is P (A) = 2=(A   1)
3
, and the minimum
amplications is A
min
= 2. The average amplication
for a sample of lensed sources is 3. This average value
is consistent with the distribution of amplications for the




(S98). Since none of the ob-
served lensed sources are heavily amplied due to fore-
ground potentials and that the amplication distribution
is compatible with the SIS average, our use of SIS model to
describe foreground clusters should not aect the results
greatly.
Following Smail et al. (1998b), we parameterized
submm source counts at 850 m as:








where the uncertainties are the 1 errors. The slope 
is  (1:1  0:2), and thus, the average magnication bias,
hB(f; z)i, ranges from 0.9 to 1.4. This estimate for the
magnication bias for 850 m sources with ux densities
in the range of 0.5 to 10 mJy is slightly lower than what
was previously considered (e.g., Blain 1997). For the pur-
pose of this calculation, where we are only interested in an
upper limit to the redshift distribution, we apply the low-
est possible amplication bias to all background sources.
This leads to an underestimated lensing rate and an over-
estimated upper limit on the background source redshift
distribution.
Since the redshift distribution of submm sources, C(z),
is unknown, we calculate the observed number of lensed
sources as a function of hzi, the eective average redshift
under the assumption that all sources are at this redshift:











This approach is essentially similar to the one taken by
Holz et al. (1999) to calculate an upper limit to the red-
shift distribution of gamma ray bursts based on observed
lensing statistics. The assumption of an average redshift
is utilized to parameterize our ignorance of the submm
source redshift distribution (see, Holz et al. 1998 for a
discussion).
The S98 sample contains observations of 7 clusters with
an eective total area surveyed of 0.01 deg
2
. This sam-
ple lies in redshifts between 0.19 and 0.4. The high-
est probability for foreground clusters to lens background
sources occurs in the redshift range of 0.2 to 0.7, with
some slight dependence on the cosmological parameters
(see, e.g. Fig. 2 in Bartelmann et al. 1998). For the
purpose of this calculation, we calculate an average F pa-
rameter, hF (z
l
)i, based on the number density of clusters
in this redshift range. Since the S98 cluster sample con-
tains some of the well known massive clusters, we use a
lower limit on the mass distribution determined by the
observed velocity dispersions of these seven clusters, and
assuming virial theorem for galaxy clusters (see, C99 for
further details). The distribution of velocity dispersion for
the 7 clusters observed by S98 has a mean of 1150310 km
s
 1
. The number density of clusters was calculated based
on the Press-Schechter (PS; Press & Schechter 1974) the-
ory with normalization based on the local cluster temper-
ature function. Our PS calculation follows Bahcall & Fan
(1998), with normalizations for 
8
presented therein. We
calculated number density of clusters with virial masses




, corresponding to the observed ve-




. In order to account for the uncertainty
in hF (z
l
)i due to measurement errors and our assumption
of an average value, we allow for an overall uncertainty of
40%.
3. CONSTRAINTS ON THE REDSHIFT DISTRIBUTION
Using observational results from S98, we assume that
number of lensed sources towards seven clusters is 10 down
to a ux density limit of  6 mJy. Thus, the lensing rate
per cluster down to 6 mJy is about 1.42, which is roughly
a factor of 2 higher than the lensing rate for luminous op-
tical arcs with amplications greater than 10 down to a I
band magnitude of 22 (C99; see, also Le Fevre et al. 1994).
Some of the currently presumed lensed submm sources are
likely to be cluster member or foreground sources. Sev-
eral such sources have already been detected within the
current S98 sample which have been identied with clus-
ter cD galaxies (Edge et al. 1998) and foreground spiral
galaxies at low-redshifts (S98). However, for the purpose
of this paper, where we are only interested in a statisti-
cal upper limit to average redshift, we can safely take 10
as the observed number of lensed sources. As before, the
only eect of such an assumption is to increase the derived
upper limit from the true value.
We also ignore biases in the S98 cluster sample and as-
sume it as a random and a fair sample of clusters on the
sky. The clusters imaged by S98 are some of the well
known massive clusters, towards which the optical lensing
rate is somewhat higher than the average value. This is
primarily due to the fact that some of these clusters are
found with substructures and bimodal mass distributions,
producing enhanced potentials for gravitational lensing.
Here again, the systematic bias is such that the observed
number of sources is an overestimate of the average num-
ber, and the derived upper limit on the background red-
shift is an overestimate from the true upper limit.
We calculated the expected number of lensed sources
down to a ux density of 6 mJy at 850 m as a func-
tion of redshift for dierent cosmological models. We vary
the redshift of the background sources, assuming that all
of them are at the same redshift, and calculate the ex-
pected number of lensed sources towards clusters on the
whole sky. Based on cluster abundance fromPS theory, we
convert the number of lensed sources to an average value
expected towards seven clusters, such as to mimic S98 ob-
servations. We then compare this number to the observed
number, and following Cooray et al. (1999) we consider a
Bayesian approach to calculate an upper limit to the aver-
age redshift of submm sources, under the assumption of a














. The likelihood for n observed sources when
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Here, n is the observed number while

N (hzi) is the ex-
pected number of lensed sources when background sources






is given. We have also taken
into account the uncertainty in hF (z
l
)i by dening 
F
to
be 0.4, allowing for a 40% uncertainty. This factor is an
overall correction to the expected lensing rate, due to a
systematic uncertainty in hF (z
l
)i.
In Table 1, we list the derived 68% and 95% upper lim-
its on the redshift distribution of submm sources to pro-







= 0:7, as suggested by various cosmological probes,
including a combined analysis of the Type Ia supernovae
at high redshifts (e.g., Riess et al. 1998) and cosmic mi-
crowave background anisotropy data (e.g., White 1998;
Lineweaver 1998), galaxy cluster evolution (e.g., Bahcall
& Fan 1998) and baryonic fraction in galaxy clusters (e.g.,
Evrard 1997), then the 68% upper limit on the redshift
distribution is 3.1. If 






of 0.3, then this upper limit increases to 5.2.
Our upper limits on the average redshift can be directly
compared to redshift distribution derived by Blain et al.
(1998) based on the modeled starformation history using
submm and far-infrared number counts and background
radiation measurements. The authors derived that 90%
of the sources at 850 m will lie below the redshift range
of 3.8 to 8.2, with median redshift in the range of 2.4 to







= 0:7 is in agreement with such a distribution. Blain
et al. (1998) calculation on the redshift distribution as-
sumes a cosmology of 

m
= 1:0 and 


= 0:0. This is the
same cosmology for which we have the weakest upper limit
with hzi of 8.0 at the 68% condence. The derived red-
shift limit here also agrees with suggested redshift ranges
by S98 using individual colors of plausible identications.
4. UNCERTAINTIES AND SYSTEMATIC EFFECTS
4 GRAVITATIONAL LENSING LIMITS ON THE AVERAGE REDSHIFT OF SUBMILLIMETER SOURCES
We have assumed that the S98 sample is a fair sample of
galaxy clusters, and have considered it to obtain an aver-
age number of observed lensed sources due to foreground
galaxy clusters. This assumption is likely to be false given
biases and systematic eects in the cluster sample selec-
tion. Our treatment of pointed cluster observations as a
series of random untargeted observations is likely to cre-
ate an additional systematic bias, but such a bias is not
expected to underestimate the current upper limit. We
have also considered a low value for the magnication bias
such that the upper limit on background source redshift is
overestimated. If, for example, the true magnication bias
is 1.4, then the upper limit on hzi decreases to 2.6 from
3.1 in a cosmology of 

m




Other uncertainties include the determination of cluster
abundances given systematic and statistical uncertainties
involved with the PS calculation, resulting from errors due
to 
8
etc. We have tried to compensate for such errors by
considering a 40% statistical uncertainty in the derivation
of hF (z
l
)i. In general, it is likely that we have overesti-
mated the upper limit, since most of the systematic eects
tend to bias our results such that we underestimate the ex-
pected lensing rate.
5. SUMMARY AND CONCLUSIONS
We have derived upper limits on the redshift distribu-
tion of submm sources by comparing statistics of lensed
sources towards a sample of galaxy clusters to unlensed




= 0:3 and 


= 0:7, as currently suggested by
various cosmological probes, at the 68% level the average
redshift of submm sources is less than 3.1. Such an up-
per limit is consistent with the redshift distribution pre-
dicted for submm sources based on starformation mod-
els, where starformation history remains constant beyond
a redshift of 1.5, using observed far-infrared and submm
background radiations. The derived upper limit on the
average redshift is also consistent with suggested redshift
ranges based on colors of plausible optical identications
for submm sources detected towards cluster potentials.
I would like to thank the anonymous referee for con-
structive comments on the paper.
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hzi upper limit 68% hzi upper limit 95%
0.3 0.7 3.1 4.9
0.5 0.5 4.8 7.7
0.3 0.0 5.2 8.1
1.0 0.0 8.0 12.2
